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Abstract
We proved that ♦+ implies the existence of a non-D-space whose all closed subspace F satisfies e(F ) = L(F). The existence
of such a space under MA + ¬CH or PFA is also discussed.
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0. Introduction
In this paper, every topological space is assumed to be Hausdorff. We will consider the following notion introduced
by van Douwen in [6]. Let X be a topological space. An open neighborhood assignment (ONA) is a mapping x ∈
X → Nx such that Nx is an open neighborhood of x for every x ∈ X. A space X is called a D-space if and only if for
every ONA N , there exists a closed discrete subset D of X such that
⋃
x∈D Nx = X. For simplicity, let N(D) denote⋃
x∈D Nx . For more information about D-spaces, see [2].
Recall the following two cardinal invariants defined for a topological space X. The extent e(X) of X is the least
infinite cardinal κ such that every closed discrete set has cardinality less than or equal to κ . The Lindelöf number
L(X) of X is the least infinite cardinal κ such that for every open covering C of X, there exists a subcovering C′ with
|C′| κ .
Various spaces, including countable spaces, compact spaces, R, and the Sorgenfrey line, are D-spaces. Meanwhile,
it is easy to see that if X has a closed subspace F with e(F ) < L(F), then X is not a D-space. Fleissner asked if there
is a non-D-space that does not have the property. Namely,
Question 1. X is said to satisfy (∗) if either
(1) X is a D-space or
(2) X contains a closed subspace F with e(F ) < L(F).
Does every topological space X satisfy (∗)?
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paper concerns what set-theoretic assumption is necessary to prove the existence of such a space.
The first result is that ♦+ implies the existence of a locally countable, locally compact space without (∗). The
forcing in [5] can be considered as explicitly adding sufficient instances of ♦+.
The witnessing space is defined by a topology associated with a guessing sequence. For each guessing sequence C
on ω1, we define a topology τ( C) on ω1 associated with C. This topology has been effectively used by Hernández-
Hernández and the author in [3] and by the author in [5] and [4].
The second result is that a typical perfectly normal, non-realcompact space of the form (ω1, τ ( C)) is a D-space. It
denies the possibility that such a space would be an example of spaces without (∗).
The influence of forcing axioms is also investigated. We first mention that by Balogh’s result in [1], MA + ¬CH
implies that every locally countable, locally compact space of size ℵ1 has (∗). Moreover, we shall show that PFA
implies that if C is a guessing sequence on ω1 such that every component is closed in the order topology, then
(ω1, τ ( C)) has (∗). This parallels the situation for the study of perfectly normal, non-realcompact spaces.
1. The topology associated with a guessing sequence
Let Lim denote the class of limit ordinals and Succ denote the class of successor ordinals.
Definition 1.1. Let β  ω1. A sequence C = 〈Cα: α ∈ β ∩ Lim〉 is called a guessing sequence on β if and only if each
Cα is an unbounded subset of α.
When X and Y are sets of ordinals, then we say that X is almost contained in Y and denote X ⊆∗ Y if and only if
X is empty or there exists a ζ < sup(X) such that X \ ζ ⊆ Y . We write X =∗ Y if and only if X ⊆∗ Y and Y ⊆∗ X.
Definition 1.2. Let C = 〈Cγ : γ ∈ β ∩ Lim〉 a guessing sequence on β  ω1. The topology τ( C) associated with C is
the topology on β defined as follows: a subset X of β is τ( C)-open if and only if for every α ∈ X ∩ Lim, Cα ⊆∗ X.
The following lemma may give you some idea.
Lemma 1.3. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence on ω1. For every subset F of ω1, F is τ( C)-closed
if and only if for every γ ∈ ω1 ∩ Lim, whenever Cγ ∩ F is unbounded in γ , we have γ ∈ F .
The following facts were proved in [5].
Fact 1.4.
• (ω1, τ ( C)) is Hausdorff.
• (ω1, τ ( C)) is regular if and only if for every δ ∈ ω1 ∩ Lim, there exists a ζ < δ such that Cδ \ ζ is τ( C)-closed.
• (ω1, τ ( C)) is first-countable if and only if it is regular and for every δ ∈ ω1 ∩ Lim, there exists a ζ < δ such that
if α ∈ (Cδ \ ζ )∩ Lim, then Cα ⊆∗ Cδ .
• (ω1, τ ( C)) is locally compact if and only if it is regular and for every δ ∈ ω1 ∩ Lim, there exists a ζ < δ such that
Cδ \ ζ is closed in the order topology and if α ∈ (Cδ \ ζ )∩ Lim, then Cα =∗ Cδ ∩ α.
In the following sections, C is assumed to be a guessing sequence 〈Cα: α ∈ ω1 ∩ Lim〉 on ω1.
2. The tree (J ,)
In this section, we shall define a tree which is necessary for the construction. Recall the following guessing princi-
ple.
Definition 2.1. ♦+ is the following assertion: there exists a sequence 〈Aα: α < ω1〉 such that each Aα is a countable
subset of P(α) and for every subset X of ω1, there exists a club subset D of ω1 such that for every δ ∈ D, X ∩ δ ∈ Aδ
and D ∩ δ ∈ Aδ . Such a sequence 〈Aα: α < ω1〉 is called a ♦+-sequence.
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limit ordinal, x, d ∈ Aα , d is closed in α, and for every β ∈ d , x ∩ β ∈ Aβ and d ∩ β ∈ Aβ . Define the order  on
J by: 〈α,x, d〉 〈β,y, e〉 if and only if α < β , x = y ∩ α, d = e ∩ α, and α ∈ e. We write σ  ν to mean σ  ν or
σ = ν. When ν ∈ J , we denote ν = 〈α(ν), x(ν), d(ν)〉.
Lemma 2.2. 〈J ,〉 is a tree order.
Proof. Let 〈α1, x1, d1〉, 〈α2, x2, d2〉  〈β,y, e〉. Without loss of generality, we may assume that α1  α2. Then we
have
x1 = y ∩ α1 = (y ∩ α2)∩ α1 = x2 ∩ α1,
d1 = e ∩ α1 = (e ∩ α2)∩ α1 = d2 ∩ α1.
Thus, if α1 = α2, then x1 = x2 and d1 = d2. If α1 < α2, then we have α1 ∈ e ∩ α2 = d2, and hence 〈α1, x1, d1〉 
〈α2, x2, d2〉. In either way, we get 〈α1, x1, d1〉 〈α2, x2, d2〉. 
Lemma 2.3. For every ν ∈ J , {α(σ): σ  ν} is closed in α(ν).
Proof. Let α < α(ν) be a limit point of {α(σ): σ  ν}. Then, there exists a -increasing sequence 〈σn: n < ω〉 in J
below ν such that supn<ω α(σn) = α. Since α(σn) ∈ d(ν) for every n < ω and d(ν) is closed, we have α ∈ d(ν). Note
that for every n < ω, x(σn) = x(ν)∩ α(σn) and d(σn) = d(ν)∩ α(σn). Let x = x(ν)∩ α and d = d(ν)∩ α. Since α ∈
d(ν), we have x, d ∈ Aα . Obviously, d is closed in α. For every β ∈ d , since β ∈ d(ν), we have x∩β = x(ν)∩β ∈ Aβ
and d ∩ β = d(ν)∩ β ∈ Aβ . Therefore, 〈α,x, d〉 ∈ J and 〈α,x, d〉 ν. 
Lemma 2.4. For every ν1, ν2 ∈ J , if {α(σ): σ  ν1 and σ  ν2} is unbounded in α(ν1), then ν1  ν2.
Proof. Let σ ∈ J be so that σ  ν1 and σ  ν2. Then,
x(ν1)∩ α(σ) = x(σ ) = x(ν2) ∩ α(σ),
d(ν1)∩ α(σ) = d(σ ) = d(ν2)∩ α(σ).
Since {α(σ): σ  ν1 and σ  ν2} is unbounded in α(ν1), it implies that x(ν1) = x(ν2) ∩ α(ν1) and d(ν1) = d(ν2) ∩
α(ν1). If α(ν1) = α(ν2), it follows that ν1 = ν2. Suppose α(ν1) < α(ν2). Since {α(σ): σ  ν2} is unbounded in α(ν1),
we have d(ν2)∩ α(ν1) is unbounded in α(ν1). Since d(ν2) is closed in α(ν2), we have α(ν1) ∈ d(ν2). Hence ν1  ν2.
Therefore, in either way, we get ν1  ν2. 
Let Jα =
{
ν ∈ J : α(ν) = α}.
Lemma 2.5. There exists a sequence 〈ηα: α ∈ ω1 ∩ Lim〉 such that
(1) for every α ∈ ω1 ∩ Lim, ηα ∈ Jα , and
(2) if X is a subset of ω1, then there exists a stationary subset S of ω1 ∩ Lim such that 〈ηα: α ∈ S〉 is a -increasing
sequence and for every α ∈ S, X ∩ α = x(ηα).
Proof. Let 〈bα, dα: α < ω1〉 be a ♦-sequence for pairs, i.e. for every pair 〈X,D〉 of subsets of ω1, there exists a
stationary set of α such that X ∩ α = bα and D ∩ α = dα . If 〈α,bα, dα〉 ∈ Jα , then let ηα = 〈α,bα, dα〉. Otherwise let
ηα be any element of Jα .
We need to show (2). Let X be a subset of ω1. Then, there exists a club subset D of ω1 such that for every α ∈ D,
X ∩ α ∈ Aα and D ∩ α ∈ Dα . So, 〈α,X ∩ α,D ∩ α〉 ∈ Jα . Meanwhile, there exists a stationary subset S of ω1 such
that for every α ∈ S, X ∩ α = bα and D ∩ α = dα . Therefore, if α ∈ S ∩ D, we have ηα = 〈α,bα, dα〉 ∈ Jα . It is easy
to check that S ∩ D witnesses (2). 
Notice that if X is an unbounded subset of ω1, it is easy to find a stationary subset S witnessing (2) of the previous
lemma such that for every α ∈ S, x(ηα) is unbounded in α.
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Now we shall prove the following theorem.
Theorem 3.1. ♦+ implies that there exists a guessing sequence C such that (ω1, τ ( C)) is a regular, Hausdorff, locally
countable, locally compact, non-D-space such that for every τ( C)-closed set F , e(F ) = L(F).
Proof. Let J , Jα and 〈ηα: α < ω1〉 be defined as in the previous section. Let J ∗ = {ηα: α ∈ ω1 ∩ Lim}.
We shall build a guessing sequence C = 〈Cδ: δ ∈ ω1 ∩ Lim〉, a τ( C)-ONA α → Nα , and Yν for every ν ∈ J
satisfying the following properties.
(1) For every α ∈ ω1 ∩ Lim,
(a) Cα is a club subset of α, and
(b) for every β ∈ Cα ∩ Lim, Cβ =∗ Cα ∩ β .
(2) For every α < ω1, Nα is a τ( C  (α + 1))-clopen neighborhood of α with Nα ⊆ α + 1.
(3) For every ν ∈ J ,
(a) Yν is a τ( C  (α + 1))-closed discrete subset of clτ( C(α+1))(x(ν)),
(b) if σ  ν, then Yσ = Yν ∩ (α(σ ) + 1), and
(c) if γ ∈ Yν , then γ is a limit ordinal, x(ηγ ) ∩ Cγ is unbounded, ηγ  ν, and Nγ ∩ (sup(Yν ∩ γ ) + 1) = ∅ (in
particular, no limit point of Yν belongs to Yν ).
(4) For every α ∈ ω1 ∩ Lim, if for every finite subset t of Jα , x(ηα) \⋃ν∈t Yν is unbounded in α, then
(a) x(ηα)∩ Cα is unbounded in α, and
(b) if Yηα ∩ α is bounded in α, α ∈ Yηα .
Suppose that we have defined Cβ , Nβ , and Yν for every β < α and ν ∈ Jβ .
Case 1. α is a successor ordinal.
Let Nα = {α}. There is no need to define Cα or Yν .
In the following cases, we assume that α is a limit ordinal. For every ν ∈ Jα \ J ∗, let Yν =⋃{Yσ : σ  ν}. Let
η = ηα and define Y¯ =⋃{Yσ : σ  η}. Note that when we define Yη , we must have Yη ∩ α = Y¯ .
Case 2. There exists a finite subset t of Jα \J ∗ such that x(η) ⊆∗ Y¯ ∪⋃ν∈t Yν .
In this case, we cannot make α a τ -limit point of x(η). So, we do not work too hard here. Let Cα be an unbounded
subset of α ∩ Succ of order type ω. Define Nα = α + 1 and Yη = Y¯ . Note that for every ν ∈ Jα , since Yν consists of
limit ordinals, Cα ∩ Yν = ∅ and hence Yν is τ( C  (α + 1))-closed discrete.
Case 3. For every finite subset t of Jα \J ∗, x(η) \ (Y¯ ∪⋃ν∈t Yν) is unbounded in α.
By the argument in [5], we can build an club subset Cα of α such that
• for every ν ∈ Jα \J ∗, Cα ∩ Yν is bounded in α,
• Cα ∩ Y¯ is bounded in α,
• Cα ∩ x(η) is unbounded in α, and
• for every β ∈ Cα ∩ Lim, Cβ =∗ Cα ∩ β .
If Y¯ is unbounded in α, let Yη = Y¯ and Nα = α + 1. If Y¯ is bounded in α, let Yη = Y¯ ∪ {α} and Nα = (sup Y¯ , α]. It
is routine to check that it satisfies the inductive hypothesis.
Now that we have constructed Cδ , Nα , and Yν for every δ ∈ ω1 ∩ Lim, α < ω1, and ν ∈ J , let τ = τ( C) and we
shall show that (ω1, τ ) witnesses the theorem.
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α ∈ S, there exists a finite subset t of Jα such that X ∩ α ⊆∗ ⋃ν∈t Yν . Then, there exist ξ < ω1, n < ω, a stationary
subset S′ of S, and a sequence 〈σi,α: i < n and α ∈ S′〉 such that
(1) for every i < n and α ∈ S′, σi,α ∈ Jα ,
(2) for every i < n, 〈σi,α: α ∈ S′〉 is a -increasing sequence, and
(3) X \ ξ ⊆⋃i<n
⋃
α∈S′ Yσα,i .
Proof. For each α ∈ S, let nα < ω be the least n such that there exists a tα ∈ [Jα]n such that X ∩ α ⊆∗ ⋃ν∈tα Yν .
Then, there exist a stationary subset S1 of S and n < ω such that for every α ∈ S1, nα = n. By Fodor’s lemma, there
exists a stationary subset S′ of S1 and ξ < ω1 such that for every α ∈ S′, (X ∩ α) \ ξ ⊆⋃ν∈tα Yν . Define α0 = minS′
and enumerate tα0 = {σ0, σ1, . . . , σn−1}.
Subclaim 3.2.1. For every α ∈ S′ and i = 0,1, . . . , n − 1, there exists exactly one ν ∈ tα such that σi  ν.
Proof. First, we shall prove the existence. By the definition of nα0 , we have X ∩ α0 ∗
⋃
ν∈tα0\{σi } Yν but X ∩ α0 ⊆
∗
⋃
ν∈tα0 Yν . Thus, X ∩ Yσi is unbounded in α0. Since (X ∩ α) \ ξ ⊆
⋃
ν∈tα Yν , there exists a ν such that X ∩ Yσi ∩ Yν
is unbounded in α0. Let γ ∈ X ∩ Yσi ∩ Yν . Then, by construction, we have ηγ  σi and ηγ  ν. By Lemma 2.4, we
have σi  ν.
We shall prove the uniqueness. By the previous paragraph, for every i < n, there exists a νi ∈ tα such that σi  νi .
Since  is a tree order and tα0 is pairwise incomparable, if i = j , then σj  νi . In particular, νi = νj . Hence, tα ={νi : i < n} and so the uniqueness holds. 
For each α ∈ S′, let σi,α be the unique element of tα such that σi  σi,α . By the same argument as above, we can
show that for every i < n and α < β both in S′, σi,α  σi,β . Since for every α ∈ S′, (X ∩α) \ ξ ⊆⋃i<n Yσi,α , we have
X \ ξ ⊆⋃i<n
⋃
α∈S′ Yσi,α . Thus, the claim was proved. 
Claim 3.3. For every τ -closed set F , e(F ) = L(F).
Proof. If F is countable, then trivially we have e(F ) = L(F) = ℵ0. Suppose that F is uncountable. Then, since
(ω1, τ ) is locally countable, we have L(F) = ℵ1. It suffices to show that e(F ) = ℵ1. By Lemma 2.5, there exists a
stationary subset S of ω1 ∩ Lim such that 〈ηα: α ∈ S〉 is a -increasing sequence and for every α ∈ S, x(ηα) = F ∩ α
and x(ηα) is unbounded in α.
Let Y =⋃α∈S Yηα . It is easy to see that Y is τ -closed discrete. If Y is unbounded, we are done. Suppose not and
let δ < ω1 be such that Y ⊆ δ.
Subclaim 3.3.1. For every α ∈ S \ (δ + 1), there exists a finite subset t of Jα such that F ∩ α ⊆∗ ⋃ν∈t Yν .
Proof. Let α ∈ S \ (δ + 1) and assume that there is no such t . Then, by (4) of the inductive hypothesis, we have
α ∈ Yηα ⊆ Y . This is a contradiction. 
Let ξ , n, S′, and 〈σi,α: i < n and α ∈ S′〉 be as in Claim 3.2 applied to F and S \ (δ + 1). Define Yi =⋃α∈S′ Yσi,α .
Then, F \ ξ ⊆⋃i<n Yi . So, there exists an i < n such that F ∩ Yi is unbounded. It is easy to see that Yi is τ -closed
discrete and hence so is F ∩ Yi . Therefore, we have e(F ) = ℵ1. 
Claim 3.4. (ω1, τ ) is not a D-space.
Proof. Let D be a τ -closed discrete subset. We shall show N(D) = ω1. Suppose not. By Lemma 2.5, there exists a
stationary subset S of ω1 ∩ Lim such that 〈ηα: α ∈ S〉 is an -increasing sequence, for every α ∈ S, x(ηα) = D ∩ α,
and x(ηα) is unbounded in α.
Subclaim 3.4.1. For every α ∈ S, there exists a finite subset t of Jα such that D ∩ α ⊆∗ ⋃ν∈t Yν .
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It follows that α is a τ -limit point of D. This is a contradiction since D is assumed to be τ -closed discrete. 
Let ξ , n, S′, and 〈σi,α: α ∈ S′〉 be obtained by Claim 3.2 applied to D and S. For each i < n, let Yi =⋃α∈S′ Yσi,α .
Then, D \ ξ ⊆⋃i<n Yi .
Subclaim 3.4.2. For every i < n, if δ is a limit point of Yi , then δ /∈ N(Yi).
Proof. Let δ be a limit point of Yi . We need to show that for every γ ∈ Yi , δ /∈ Nγ . As we have observed, δ /∈ Yi .
If γ < δ, then we have Nγ ⊆ γ + 1 and hence δ /∈ Nγ . Suppose that γ > δ. Then by construction, we have Nγ ∩
(sup(Yi ∩ γ )+ 1) = ∅. But clearly we have sup(Yi ∩ γ ) δ and hence δ /∈ Nγ . Therefore, in either case δ /∈ Nγ . 
Let δ < ω1 be so that δ > ξ and δ is a limit point of Yi for every i < n. Since N(D) = ω1, there exists a γ ∈ D such
that δ ∈ Nγ . Since Nγ ⊆ γ + 1, we have γ  δ > ξ . Since D \ ξ ⊆⋃i<n Yi , there exists an i < n such that γ ∈ Yi .
Hence, we have δ ∈ N(Yi) while δ is a limit point of Yi . This contradicts to the previous subclaim. 
4. Spaces of Hernández-Hernández and Ishiu
In [3], Hernández-Hernández and the author constructed a guessing sequence C such that (ω1, τ ( C)) is a perfectly
normal, non-realcompact space by forcing. It was also asked by Fleissner if this space is a D-space. In this section,
we shall give a negative answer to this question.
First, we shall show the following lemma.
Lemma 4.1. Let C be a guessing sequence on ω1 and τ = τ( C). Suppose that (ω1, τ ( C)) is regular. Let F be a non-
stationary τ -closed set. Then F is the countable union of τ -closed discrete sets. In particular, every non-stationary
τ( C)-closed subspace is a D-space.
Proof. Since F is non-stationary, there exists a club subset E of ω1 which is disjoint from F . Then it is easy to see
that there exists a sequence 〈Dn: n < ω〉 of subsets of F such that ⋃n<ω Dn = F and for every n < ω and α < β
both in Dn, there exists a δ ∈ E such that α < δ < β . Then for every n < ω, every limit point of Dn in the order
topology belongs to E. Since τ is finer than the order topology, every τ -limit point of Dn belongs to E and is not
in F . However, we have clτ (Dn) ⊆ clτ (F ) = F since F is τ -closed. Hence, Dn has no τ -limit point and so it is a
τ -closed discrete. 
Theorem 4.2. Let C be a guessing sequence and τ = τ( C). Suppose that (ω1, τ ) is regular and perfect and for every
stationary subset S of ω1, clτ (S) contains a club subset of ω1. Then (ω1, τ ) is a D-space.
Proof. Let N be a τ -ONA. We may assume that for every α < ω1, Nα ⊆ α + 1 and when α is a successor ordinal,
Nα = {α}.
First, we shall show that there exists a τ -closed discrete set D such that N(D) contains a club subset of ω1. For
each α < ω1, let N ′α = Nα \ {α}. Let Y =
⋃
α<ω1
N ′α . We claim that Y contains a club subset of ω1. Suppose not.
Then ω1 \ Y is a stationary subset of ω1. Let S be a subset of ω1 \ Y such that both S and ω1 \ (Y ∪ S) are stationary.
By assumption, clτ (S) contains a club subset of ω1. Hence there exists an α ∈ clτ (S) ∩ (ω1 \ (Y ∪ S)). It means that
α is a τ -limit point of S. Therefore, Nα ∩ S = ∅ and α /∈ S. It implies N ′α ∩ S = ∅ and hence Y ∩ S = ∅, which is a
contradiction.
By definition, for each γ ∈ Y , there exists an αγ < ω1 such that γ ∈ N ′αγ . Since N ′αγ ⊆ αγ , we have γ < αγ . Let E
be the set of all δ ∈ Y such that for every γ ∈ Y ∩ δ, αγ < δ. It is easy to see that E is club in ω1 and for every δ ∈ E,
(δ,αδ]∩E = ∅. Since E is τ -closed and (ω1, τ ) is perfect, there exists a countable set {Fn: n < ω} of τ -closed subsets
such that
⋃
n<ω Fn = ω1 \E. Then there exists an n < ω such that {δ ∈ E: αδ ∈ Fn} is stationary. Let D = {αδ: δ ∈ E
and αδ ∈ Fn}. Then by the argument of the proof of Lemma 4.1, D is τ -closed discrete. Moreover, by the definition of
n, N(D) is stationary. Since every stationary τ -closed set contains a club subset of ω1, N(D) contains a club subset
of ω1.
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D′ of ω1 \N(D) such that ω1 \N(D) ⊆ N(D′). Hence, N(D ∪D′) = ω1 and D ∪ D′ is τ -closed discrete. 
It is likely that whenever (ω1, τ ( C)) is perfectly normal and non-realcompact, it is a D-space. However, we are not
sure if this actually holds.
5. Influence of forcing axioms
A natural question which arises from Theorem 3.1 is whether there always exists such a space. Balogh proved the
following strong theorem under MA + ¬CH.
Theorem 5.1. (See Balogh [1].) Assume MA + ¬CH. Let X be a locally compact, locally countable space of size
<2ℵ0 . Then the following conditions are equivalent.
(1) The one-point compactification of X is countably tight.
(2) X does not contain a perfect pre-image of ω1.
(3) X is the union of countably many closed discrete subspaces.
(4) X is a Moore space.
By using this theorem, we can show the dichotomy result for locally compact, locally countable spaces under
MA + ¬CH
Proposition 5.2. Suppose MA +¬CH. Let X be a locally compact, locally countable space of size <2ℵ0 . Then either
there exists a closed subset F with e(F ) < L(F) or it is a D-space.
Proof. If X is the union of countably many closed discrete subspaces, then X is a D-space. Suppose otherwise. We
shall show that there exists a closed subset F with e(F ) < L(F). By Theorem 5.1, the one-point compactification
of X is not countably tight. It follows that there exists an uncountable subset A of X such that cl(A) is not compact
but cl(A′) is compact for every countable subset A′ of A. Let F = cl(A). Since X is locally countable, we have
L(F) = |F | > ℵ0. Let D be an arbitrary countably infinite subset of F . Since X is locally countable, X is countably
tight. Hence for each d ∈ D, there exists a countable subset Ad of A such that d ∈ cl(Ad). Consider A′ =⋃d∈D Ad .
Since A′ is a countable subset of A, cl(A′) is compact. Therefore, D has a limit point. It implies that every closed
discrete set is finite and hence e(F ) = ℵ0. 
When local compactness is not assumed, the influence of forcing axioms is not clear yet. However, for spaces of
the form (ω1, τ ( C)), we can obtain a partial result assuming PFA.
We shall begin with the following lemma.
Lemma 5.3. Assume PFA. Let C be a guessing sequence on ω1 and τ = τ( C). Suppose that (ω1, τ ) is regular and for
every γ ∈ ω1 ∩ Lim, Cγ is closed in the order topology. Then either there exists a club subset E of ω1 such that for
stationarily many γ ∈ ω1, E ∩ γ ⊆∗ Cγ or there exists a club subset E of ω1 which is τ -closed discrete.
Proof. Suppose that for every club subset E of ω1, there exists a club subset E′ of ω1 such that E ∩ γ ∗ Cγ for
every γ ∈ E′. We shall define a forcing notion P by: p ∈ P if and only if p is a closed bounded subset of ω1 such that
for every γ ∈ p ∩ Lim, Cγ ∩ p is bounded. P is ordered by end-extension.
Claim 5.4. P is proper.
Proof. Let M be a countable elementary substructure of 〈H(λ),∈,〉 for some sufficiently large regular cardinal λ
with C,P ∈ M . Let p ∈ P ∩ M . Set δ = M ∩ ω1. Let 〈Dn: n < ω〉 be an enumeration of all open dense subsets of P
lying in M . Let λ′ ∈ M be a sufficiently large regular cardinal compared to C and P .
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for every n < ω. First, let p0 = p. Suppose that we have defined pn. Then there exists an increasing continuous
sequence 〈Ki : i < ω1〉 ∈ M of countable elementary substructures of 〈H(λ′),∈,〉 such that C,P,pn,Dn ∈ K0.
Then E = {Ki ∩ ω1: i < ω1} is a club subset of ω1 lying in M . By assumption, there exists a club subset E′ ∈ M
of ω1 such that for every γ ∈ E′, E ∩ γ ∗ Cγ . Hence, (E ∩ δ) \ Cδ is unbounded in δ. Let ξ ∈ (E ∩ δ) \ Cδ .
Then there exists an i < ω1 such that Ki ∩ ω1 = ξ . Since Cδ is closed and ξ /∈ Cδ , there exists a ζ < ξ such that
[ζ, ξ) ∩ Cδ = ∅. Let p′n = pn ∪ {ζ + 1}. Then we have p′n ∈ P ∩ Ki . Since Dn ∈ Ki , there exists a pn+1  p′n such
that pn+1 ∈Dn ∩Ki . Notice that since pn+1 \pn ⊆ [ζ, ξ), we have (pn+1 \pn)∩Cδ = ∅. By inductive hypothesis, it
follows that (pn+1 \ p)∩Cδ = ∅.
Define q =⋃n<ω pn ∪ {δ}. Then q ∩Cδ = p ∩Cδ and hence bounded in δ. Therefore, we have q ∈ P . It is easy to
see that q is (M,P )-generic. 
By applying PFA, we can find a club subset E of ω1 such that for every γ ∈ E∩Lim, E∩Cγ is bounded. It implies
that E is a τ -closed discrete. 
By using the previous lemma, we can easily show the following proposition.
Proposition 5.5. Assume PFA. Let C be a guessing sequence on ω1 and τ = τ( C). Suppose that (ω1, τ ) is regular and
each Cγ is closed. Then either there exists a τ -closed subset F of ω1 such that e(F ) < L(F) or (ω1, τ ) is a D-space.
Proof. By Lemma 5.3, we can separate into two cases.
Case 1. There exist a club subset E of ω1 and a stationary subset S of ω1 such that for every γ ∈ S, E ∩ γ ⊆∗ Cγ .
We shall show that e(E) < L(E). It is easy to see that L(E) = ℵ1. Suppose that F is an uncountable τ -closed
subset of E. Then there exists a γ ∈ S that is a limit point of F in the order topology. By assumption, we have
E ∩ γ ⊆∗ Cγ and hence F ∩ γ ⊆∗ Cγ . It follows that γ is a τ -limit point of F ∩ γ . Hence F is not τ -discrete.
Therefore, e(E) = ℵ0.
Case 2. There exists a club subset E of ω1 which is τ -closed discrete.
We shall show that (ω1, τ ) is a D-space. Let N be a τ -ONA. By Lemma 4.1, ω1 \ N(E) is a D-space and hence
there exists a τ -closed discrete subset E′ of ω1 \ N(E) such that ω1 \ N(E) ⊆ N(E′). Thus, E ∪ E′ is a τ -closed
discrete set such that N(E ∪E′) = ω1. 
It is not known if the assumption that each Cγ is closed can be removed.
References
[1] Z. Balogh, Locally nice spaces under Martin’s axiom, Comment. Math. Univ. Carolin. 24 (1) (1983) 63–87.
[2] G. Gruenhage, A note on D-spaces, Topology Appl. 153 (13) (2006) 2229–2240.
[3] F. Hernández-Hernández, T. Ishiu, A perfectly normal nonrealcompact space consistent with MAℵ1 , Topology Appl. 143 (1–3) (2004) 175–188.
[4] T. Ishiu, A fine structure construction of a perfectly normal, non-realcompact space, Topology Proc. 30 (2) (2006) 533–545.
[5] T. Ishiu, More on perfectly normal non-realcompact spaces, Topology Appl. 153 (9) (2006) 1476–1499.
[6] E.K. van Douwen, Simultaneous extension of continuous functions, PhD thesis, Free University, Amsterdam, 1975.
